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ABSTRACT

Homogeneous planar tessellations stable under iteration (STIT tessellations) are considered. Using recent
results about the joint distribution of direction and length of the typicalI-, K- andJ-segment we prove closed
formulas for the first, second and higher moments of the length of these segments given their direction. This
especially leads to the mean values and variances of these quantities and mean value relations as well as general
moment relationships. Moreover, the relation between these mean values and certain conditional mean values
(and also higher moments) is discussed. The results are alsoillustrated for several examples.

Keywords: conditional distribution, iteration (nesting), linear segments, mean value relation, moments, random
tessellation, stability, stochastic geometry.

INTRODUCTION

Random tessellations are nowadays used for
modeling several structures which arise for example
in material sciences, biology and medical sciences.
The most popular models are Poisson line or plane
tessellations or Poisson-Voronoi tessellations (see
Stoyanet al., 1995). These models are on the one hand
side mathematically feasible and useful in practice
on the other. More complex models can be obtained
by applying certain operations on given tessellations.
These are for example superposition or iteration. The
latter operation leads to a relatively new model for
random tessellations, the so-called STIT model. The
name STIT refers to their characteristic property:
they arestable underiteration. This property will be
explained in some detail in the next section.

Several geometric quantities were calculated for
this model by now. This includes mean value formulas
in 2D and 3D and length distributions of several
linear segments. For the latter Meckeet al. (2007)
calculated also first and second moments, but only
for the isotropic case. They especially observed that
the variance of the length of the so-called typicalI-
segment is infinite. The same observation was made in
Thäle (2008) also for two anisotropic examples. It is
one aim of this short paper to undertake a deeper study
of this phenomenon. We will show that the variance
(and also other higher moments) of the length of the
typical I-segment does not exist forany homogeneous
planar STIT tessellation, which shows, that these linear
segments are in some sense very long. In contrast
to this result we will be able to show that for the
length of the typicalK- and J-segmentall moments

exist. Moreover, we will derive explicit formulas for
all moments of the quantities in question for arbitrary
homogeneous planar STIT tessellations.

The other aim of the paper is the study of mean
value relations. In particular we are interested in mean
values for the lengths of the typicalI-, K- and J-
segment having a fixed direction and their relation to
the mean values without the directional conditioning
(this could be of some interest for stereological
questions). At this point the directional distribution of
the tessellation plays an important role and we will be
able to extend the mean value formulas to the case,
where the typicalI-, K- or J-segment is replaced by the
typicalI-, K- or J-segment with a fixed given direction.
Moreover, the known formulas can be recovered by
averaging over all possible directions. This observation
is a new feature of STIT tessellations, which can only
be observed, when the anisotropic case is studied and
this was not investigated until the recent works Mecke
(2008) and Thäle (2008). We will furthermore obtain
a general moment relationship for the conditional and
unconditional length distribution of the segments. Our
results are demonstrated on several concrete examples,
in particular we consider the isotropic case and confirm
again the results of Meckeet al. (2007). Also the new
rectangular case and a case with unequal weights is
discussed.

PLANAR STIT TESSELLATIONS

By a planar tessellation we mean a subdivision
of the plane into a locally finite union of convex
polygons, which intersect only in their boundaries.
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THÄLE C: Moments of length of line segments in homogeneous planar STIT tessellations

The family of such tessellations will be denoted by
T . Such tessellations can also be described as the
union of their cell boundaries. This allows us to
consider a tessellation as a closed subset ofR

2. We
will follow this path here. Denoting byT the restriction
of Matheron’sσ -algebra (cf. Stoyanet al., 1995) to
T , we call a random variableΦ with values in the
measurable space[T ,T] a random planar tessellation.
Forx ∈R

2 we denote byTx the translation ofR2 by the
vector−x. Tx induces also an operation on the space of
tessellations, also denoted byTx, by TxΦ = Φ− x. We
say that a random tessellationΦ is homogeneous (or
stationary), ifTxΦ has the same distribution asΦ for
all x ∈ R

2. The law of a homogeneous tessellation is
also called homogeneous.

We fix now two random planar tessellationsΦ and
Ψ with law P and Q, respectively. The cells ofΦ
are denoted byC(Φ). We associate now to each cell
p∈C(Φ) independently a random tessellationΨp with
law Q. Now define a random tessellationΦ ⊚Ψ by

Φ ⊚Ψ := Φ∪
⋃

p∈C(Φ)

(p∩Ψp),

the law of which is denoted byP ⊞ Q. It was shown
in Mecke et al. (2008b) that ifΦ is a homogeneous
tessellation andQ is also homogeneous thenΦ ⊚ Ψ
is a homogeneous random tessellation, too. We call
a homogeneous random tessellationΦ stable with
respect toiteration (STIT for short), if 2(Φ ⊚ Φ) has
the same law asΦ itself (this is equivalent to the
definition used for example in Nagel and Weiss (2005),
see Mecke, 2008).

The existence of such tessellations was shown in
Nagel and Weiss (2005) together with a construction in
a bounded window for arbitrary dimensions. A global
construction of planar STIT tessellations was recently
presented in Meckeet al. (2008a).

Denote by[H ,H] the measurable space of lines
through the origin. By the direction of an arbitrary
line g we mean the unique parallel liner(g) ∈ H .
For a line segments denote the lineg containings
by g(s). Then the directionr(s) of s can be defined
as r(s) := r(g(s)) ∈ H . For a planar tessellationΦ
we introduce now a directional measureκ as follows:
For B ∈ H we consider the familyΦB of edges with
direction in B. The mean length of these edges per
unit area (note that this is a well defined quantity,
sinceΦ is homogeneous) will be denoted byLA(B).
By the relationκ : H → [0,∞) : B 7→ LA(B) we get a
measureκ on [H ,H], the directional measure ofΦ.
If we denote byLA the edge length intensity,i.e., the
mean total edge length per unit area, ofΦ, we can
write κ also asκ = LAϑ for some probability measure

ϑ on [H ,H], sinceκ(H ) = LA. The latter is called
directional distribution ofΦ. We assume in this paper,
thatκ (or equivalentlyϑ ) is concentrated on more than
a single direction. This ensures the existence of of a
STIT tessellation with this measure as its directional
measure or distribution (cf. Nagel and Weiss, 2005).
Having in mind these notions and notations we can
define the rose of intersections ofκ as

sκ : H → (0,∞) : h 7→
∫

H

|sin∠(h, h̃)|dκ(h̃). (1)

Fig. 1.Realization of an isotropic STIT tessellation.

We summarize now the most important features
of planar STIT tessellationsΦ with directional
measureκ :

1. The intersection ofΦ with an arbitrary lineg (not
necessarily through the origin) is a homogeneous
Poisson point process ong. It has intensity
sκ(r(g)) (cf. Nagel and Weiss, 2005).

2. The interior of the typical cell (this is a cell with
Palm shape distribution, see Stoyanet al., 1995)
has the same distribution as the interior of the
typical cell of a Poisson line tessellation with the
same directional measure (cf. Nagel and Weiss,
2003).

3. The nodes (vertices) haveT -shape,i.e., from each
node we have three emanating edges and two of
them are collinear (cf. Nagel and Weiss, 2003).

4. The cells ofΦ are not in a face-to-face position,
see Fig. 1 (cf. Nagel and Weiss, 2005).

More results about STIT tessellations can be found
in Nagel and Weiss (2003), Nagel and Weiss (2005),
Nagel and Weiss (2006),Meckeet al. (2007), Meckeet
al. (2008a), Meckeet al. (2008b), Thäle (2008), Thäle
(2009).
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RECENT RESULTS FOR I-, K -
AND J-SEGMENTS

Mackisack and Miles (1996) introduced the notion
of I-, K- andJ-segments and showed that their analysis
can be fruitful, especially in the case of tessellations
which are not face-to-face. AK-segment they called
every line segment of the tessellation without any
vertex in its relative interior. AJ-Segment is a face
of a cell and anI-segment is the union of connected
and collinearK-segments, which cannot be enlarged
by anotherK-segment.

Fig. 2. Different types of linear segments in a planar
tessellation.

The investigation of the length distribution of these
segments for planar STIT tessellations starts in Mecke
et al. (2007) for the isotropic case. The authors of this
paper were able to calculate explicitly the densities
of the length distribution of the segments and by
integration their mean values and second moments
(compare with the isotropic example below).

In his paper, Mecke (2008) starts the analysis of
the anisotropic case. Here, in contrast to the isotropic
case, one has to take also into account the direction of
the segments. Thus, he considered the joint distribution
of direction and length for the case ofI-segments.
His approach was completed by the consideration of
the typicalK- and J-segment in Thäle (2008) (here
typical should be understood in the Palm sense, where
the Palm distribution with respect to the segment
midpoints is considered).

We like to summarize the results now. Let therefore
Φ be a homogeneous planar STIT tessellation with
directional measureκ . The rose of intersections ofκ
is again given by Eq. 1. The directional distribution of
Φ will be denoted byϑ . We further define the constant

ζκ :=
∫

H

∫

H

|sin∠(h, h̃)|dκ(h)dκ(h̃) .

The joint distribution of direction and length of the
typical X -segment,X ∈ {I,J,K}, is a probability

measure onH ×(0,∞) having densitydX with respect
to the product measureκ × L+, where L+ is the
Lebesgue measure restricted to(0,∞). Then we have
(Theorem 12 in Mecke, 2008, Corollary 3.4 and
Corollary 3.6 in Thäle, 2008):

dI : (h,x) 7→
2

ζκsκ(h)

∫ sκ (h)

0
t2e−txdt ,

dK : (h,x) 7→
2

3ζκ
s2

κ(h)
∫ 2

1
t2e−sκ (h)txdt ,

dJ : (h,x) 7→
sκ(h)

ζκ

∫ ∞

x
e−sκ (h)tdt .

We consider now the marked point processαX =
{yk,hk}k∈N, X ∈ {I,J,K}, of X -segment midpointsyk,
where the markshk ∈ H are given by the direction
of the X -segment throughyk. The typicalX -segment
in direction h ∈ H of the tessellationΦ can now
be defined as the line segment containing the origin,
where Φ is considered under the Palm distribution
P0,h. (For the general theory of Palm distributions for
marked point processes see for example Stoyanet al.,
1995).

From the formulas above we can conclude the
following integral representations for the conditional
densitiesdI|h, dJ|h anddK|h of the length distributions
of the typicalI-, K- andJ-segment in directionh ∈H ,
since the density of the direction with respect to the
directional measureκ of the typical I-, K- and J-
segment is given bysκ(·)/ζκ in each case (cf. Mecke,
2008; Thäle, 2008):

dI|h(x) =
2

s2
κ(h)

∫ sκ (h)

0
t2e−txdt , (2)

dK|h(x) =
2
3

sκ(h)
∫ 2

1
t2e−sκ (h)txdt , (3)

dJ|h(x) =

∫ ∞

x
e−sκ (h)tdt . (4)

The densities written in this form (and not
explicitly without an integral) will turn out to be very
powerful and lead to short proof in the next section.

MAIN RESULTS

We consider a homogeneous planar STIT
tessellationΦ with directional measureκ . Denote the
rose of intersections ofκ again bysκ and fix some
direction h ∈ H . The typical I-, K- and J-segment
with direction h will be denoted byI0,h, K0,h and
J0,h, respectively. The (euclidean) length ofI0,h, K0,h

and J0,h is denoted byL(I0,h), L(K0,h) and L(J0,h),
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respectively. Fork = 1,2,3, . . . we define now thek-
moments

Ik(h) := E|L(I0,h)|k ,

Kk(h) := E|L(K0,h)|k ,

Jk(h) := E|L(J0,h)|k .

TYPICAL I-SEGMENTS

We start our analysis with the typicalI-segment
I0,h in directionh ∈ H . First observe that integration
by parts yields fort > 0

∫ ∞

0
xke−txdx = t−k−1Γ(k +1) ,

whereΓ(·) is Euler’s Gamma-function. We can now
use Fubini’s theorem and formula Eq. 2 to obtain

Ik(h) =
∫ ∞

0
xkdI|h(x)dx

=
∫ ∞

0
xk

[

2
sκ(h)2

∫ sκ (h)

0
t2e−txdt

]

dx

=
2

sκ(h)2

∫ sκ (h)

0
t2

[

∫ ∞

0
xke−txdx

]

dt

=
2

sκ(h)2Γ(k +1)
∫ sκ (h)

0
t2t−k−1dt

=
2

sκ(h)2Γ(k +1)
∫ sκ (h)

0
t−k+1dt

=















2
sκ(h)

: k = 1 ,

+∞ : k ≥ 2 .

This means for the length of the typicalI-segment in
any directionh, that only the first moment exists. All
higher moments are infinite.

TYPICAL K -SEGMENTS

We continue with the typicalK-segmentK0,h with
directionh ∈ H . First observe that

∫ ∞

0
xke−stxdx = (st)−k−1Γ(k +1)

for all s,t > 0. We use now formula Eq. 3 and again
Fubini’s theorem to obtain

Kk(h) =
∫ ∞

0
xkdK|h(x)dx

=
∫ ∞

0
xk

[

2
3

sκ(h)
∫ 2

1
t2e−sκ (h)tx dt

]

dx

=
2
3

sκ(h)
∫ 2

1
t2

[

∫ ∞

0
xke−sκ (h)x dx

]

dt

=
2
3

sκ(h)−kΓ(k +1)
∫ 2

1
t2t−k−1dt

=
2

3sκ(h)k Γ(k +1)

∫ 2

1
t−k+1dt

=



















2
3sκ(h)k Γ(k +1)

2k −4
2k(k−2)

: k 6= 2 ,

4
3sκ(h)2 ln2 : k = 2 .

This shows, that in contrast to the previous caseall
moments of the length of the typicalK-segment with
directionh exist. We also obtained a closed formula for
them.

TYPICAL J-SEGMENTS

This case is much easier, sinceL(J0,h) is
exponentially distributed with parametersκ(h),
because of the Poisson typical cells of STIT
tessellations (see the key properties in the section on
planar STIT tessellations). Thus, we obtain

Jk(h) = E|L(J0,h)|k =
Γ(k +1)

sκ(h)k .

We see that also in the case of the typicalJ-
segment in directionh all moments exist. We like to
remark that the result can also be obtained by a direct
calculation using formula Eq. 4.

Note that in the above formulas forIk(h), Kk(h)
andJk(h), Γ(k +1) could be replaced byk!.

MEAN VALUES AND VARIANCES

We can especially apply our results to compute the
mean values and the variances ofL(I0,h), L(K0,h) and
L(J0,h). We consider therefore a homogeneous planar
STIT tessellation with directional measureκ and fix a
directionh ∈ H . Then we obtain
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EL(I0,h) =
2

sκ(h)
,

VL(I0,h) = +∞ ,

EL(K0,h) =
2

3sκ(h)
,

VL(K0,h) =
2

3sκ(h)2

(

2 ln2−
1
3

)

,

EL(J0,h) =
1

sκ(h)
,

VL(J0,h) =
1

sκ(h)2 ,

by using the formulaVX = EX2 − (EX)2 for real
valued random variablesX .

MOMENT RELATIONSHIPS

Recall thatsκ(·)/ζκ is the density of the direction
of the typicalI-, J- andK-segment segmentI0, K0, J0

wrt. κ (cf. Mecke, 2008; Thäle, 2008) and the relation
κ(H ) = LA. We obtain the following mean values for
the length of the typicalI-, J- andK-segment:

EL(I0) = Eh(EL(I0,h)) =
2LA

ζκ
, (5)

EL(K0) = Eh(EL(K0,h)) =
2LA

3ζκ
, (6)

EL(J0) = Eh(EL(J0,h)) =
LA

ζκ
, (7)

whereEh denotes the average over all directionsh. For
example

EL(I0) =
∫

H

2
sκ(h)

·
sκ(h)

ζκ
dκ(h) =

2
ζκ

κ(H ) =
2LA

ζκ
.

Note that these mean values are the same as the one
computed in Nagel and Weiss (2006), but there the
constantζ = ζκ/L2

A was used instead ofζκ .

These formulas imply the following mean value
relations:

EL(I0,h) = 3EL(K0,h) = 2EL(J0,h)

and
EL(I0) = 3EL(K0) = 2EL(J0) . (8)

The relations Eq. 8 confirm earlier results from the
paper Nagel and Weiss (2006), which were obtained
by quite different methods. Beside these mean value
relations we obtain the following relationship of
the variances of the typicalK- and J-segment with
directionh ∈ H :

VL(K0,h) =
2
3

(

2 ln2−
1
3

)

VL(J0,h)

≈ 0.70196·VL(J0,h) .

For the higher momentsKk(h) and Jk(h), k ≥ 3, we
get the following general relation for the conditional
length distributions:

Kk(h) =
2
3
·

2k −4
2k(k−2)

Jk(h)

for any h ∈ H . An analogous formula can also be
obtained for the unconditioned moments again simply
by integration:

E|L(K0)|k =
2
3
·

2k −4
2k(k−2)

E|L(J0)|k .

Note that

lim
k→∞

2
3
·

2k −4
2k(k−2)

= 0 .

Comment: One can conclude from Eq. 8 the fact,
that the mean number of nodes in the relative interior
of the typicalI-segment equals 2 and1/2 for the typical
J-segment. It will be shown in the forthcoming paper
(Thäle, 2009), that for STIT tessellations inR

d, d ≥ 2,
the mean number of nodes in the relative interior of
the typicalI-segment equalsd and (d−1)/2 for the
typical J-segment (I-, J- and K-segments of higher
dimensional STIT tessellations are now considered for
the 1-skeleton; the definition remains the same).

EXAMPLES

THE ISOTROPIC CASE

We consider in this section homogeneous and
isotropic planar STIT tessellations with edge length
intensity π/2. In this case we can calculate the
distribution functionsFI, FK and FJ of the length of
the typical I-, K- and J-segment, respectively, using
formulas Eqs. 2–4. We obtain

FI(x) = 1−
2
x2

(

1− (1+ x)e−x) ,

FK(x) = 1−
2

3x2

(

1+ x− (1+2x)e−x)e−x ,

FJ(x) = 1−e−x ,

which confirms the results of Meckeet al. (2007),
especially Theorem 2 and 4 therein. For the densities
pI(x), pK(x) andpJ(x) we get

pI(x) =
4
x3

(

1−
(

1+ x +
x2

2

)

e−x
)

,

pK(x) =
4

3x3

(

(

1+ x +
x2

2

)

e−x

−
(

1+2x +2x2)e−2x
)

,

pJ(x) = e−x.
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THÄLE C: Moments of length of line segments in homogeneous planar STIT tessellations

Fig. 3.Densities pI (black), pK (grey) and pJ (dashed)
in the isotropic case.

For the mean values and variances we have in this
case

EL(I0) = 2 , EL(K0) =
2
3

, EL(J0) = 1

and

VL(I0) = +∞ ,

VL(K0) =
4
3

(

2 ln2−
1
3

)

,

VL(J0) = 1

from Eqs. 5–7, which confirms Eq. 8 and the earlier
results from Nagel and Weiss (2006).

Note that in the isotropic case the length and
the direction of the typicalI-, K- andJ-segment are
independent.

THE RECTANGULAR CASE

We consider a homogeneous planar STIT
tessellationΦ with directional distribution

ϑ (h) =











1
2

: h is thex- or y-axis,

0 : else,

and edge length intensity 1. The cells of such a
tessellationΦ are rectangles with probability one (a
similar case was investigated in Mackisack and Miles
(1996) but not for STIT tessellations of course).

Fig. 4.Realization of a rectangular STIT tessellation.

From Eqs. 2–4 we calculate again the densities
pI(x), pK(x), pJ(x) of the length distribution of the
typical I-, K- andJ-segment with direction inx- or y-
axis, respectively:

pI(x) =
2
x3

(

8− (8+4x + x2)e−
x
2

)

,

pK(x) =
2

3x3

(

8+4x + x2−e−
x
2
(

8+8x +4x2)
)

e−
x
2 ,

pJ(x) =
1
2

e−
x
2 .

Fig. 5.Densities pI (black), pK (grey) and pJ (dashed)
in the rectangular case.

For the mean values and variances we obtain

EL(I0,h) = 4 , EL(K0,h) =
4
3

, EL(J0,h) = 2

and
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VL(I0,h) = +∞ ,

VL(K0,h) =
16
3

(

2 ln2−
1
3

)

,

VL(J0,h) = 4

for both directionsh (x andy). Furthermore we have

EL(I0) =
1
2
(EL(I0,x)+EL(I0,y)) = 4 ,

EL(K0) =
1
2
(EL(K0,x)+EL(K0,y)) =

4
3

,

EL(J0) =
1
2
(EL(J0,x)+EL(J0,y)) = 2 .

A CASE WITH UNEQUAL WEIGHTS

At the end we like to discuss an example with
unequal weights. Consider therefore a directional
distribution ϑ , which has the following weights on
three directions

ϑ (h) =































1
2

: h = x-axis,

1
3

: h = {x = y}, the diagonal,

1
6

: h = y-axis.

The first direction is calledD1, the secondD2
and the thirdD3 for abbreviation. We further assume
that the edge length intensityLA is 1. On can now
calculate the 9 different densitiespX ,Di(·) for X ∈
{I,J,K} andi = 1,2,3, but we do not give the explicit
formulas here. Instead we concentrate on several mean
value relations: For the mean values and variances in
directionD1 we have

EL(I0,D1) = 4 , EL(K0,D1) =
4
3

, EL(J0,D1) = 2

and

VL(I0,D1) = +∞ ,

VL(K0,D1) =
16
3

(

ln2−
1
3

)

,

VL(J0,D1) = 4 .

This are the same values as in the rectangular case.

For the mean values and variances in directionD2
we get

EL(I0,D2) = 6 , EL(K0,D2) = 2 , EL(J0,D2) = 3

and

VL(I0,D2) = +∞ ,

VL(K0,D2) = 4(6 ln2−1) ,

VL(J0,D2) = 9 .

For the mean values and variances in directionD3
we obtain

EL(I0,D3) = 12 , EL(K0,D3) = 4 , EL(J0,D3) = 6

and

VL(I0,D3) = +∞ ,

VL(K0,D3) = 16(6 ln2−1) ,

VL(J0,D3) = 36 .

Here we see that the mean values in directionD2 are
half of the mean values in directionD3. This is due
to the fact that directionD2 is twice more likely to
occur for an edge than directionD3. Note that there is
a similar relation between the mean values in the other
directions.

For the mean length of the typicalI-, K- and J-
segmentI0, K0 andJ0 we obtain now

EL(I0) =
1
2

EL(I0,D1)+
1
3

EL(I0,D2)+
1
6

EL(I0,D3)

= 6 ,

EL(K0) =
1
2

EL(K0,D1)+
1
3

EL(K0,D2)+
1
6

EL(K0,D3)

= 2 ,

EL(J0) =
1
2

EL(J0,D1)+
1
3

EL(J0,D2)+
1
6

EL(J0,D3)

= 3 ,

which confirms the relation in Eq. 8.
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